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A new method for generating normal deviates is introduced:--A raplid and’

# apwn & . .

ok

b M.;E.«‘»,v

relationship of the Normal Distribtution Function is developed: for use on a

large binary computer with index registers.’ The necessary coefficlents are ™= 5

b Y
v

given in Tables IT; ITI, IV; end V. Section 3-contains a review df knc

methods” ot genérating normal deviates.’

1is given in Section 4.
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The nev direct method gives higher accuracy than previocus methods of -
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comparable speed..

Eomparable with, or better than most previous propas'als ‘using sbout one-quarter ~ |

the computing time.
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reliable’ appn&tio: for determint ng a normal deviate by soiving

y - = ~"bw;4§ ) T .,“\
A compsrison of the varicus methods 3

.

The detailed inverse technique proposed ylelds accurscy
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0: Introduction

Many applications of electronic computers, for exsmple (10), (15), (17),
(20) requira the efficient generation of large numbers of random normal deviates.

z.,.,—w..» w—m

Tablcs of random normal deviates are of course available, for empla (21),

(26), but. they are not sufficiently extensive for many purposes and. an. cutside -
source of th.ta kind: ‘cannot usually be used effectively by the ccmputar. “ What “”
1s required 1s some. method of generation which can be rapidly carried cut Sy s |
“the machine ;Ltsolf. s .

5o

. 4.- - Methods are available by wh.ich pseudo random numbers may be proMe&, see -
“for exampla’ (1), (8), (9), (13), (a4), (16), (23), (25).  Judging by tne results,
given for example by (8) > (9), (20), (25), the most satlsfactory procadnre, now+
in use, for genera.ting random numbers is the one based on "residue class"
techniques, see for exsmple (16), (23).

We shall not consider here the validity of employlng deteminisﬁc methods
for generating random numbers but assume that scme machine method of satisfactorily
producing random numbers is available from which random normal deviates are to be
produced. A number of different ways of geperating random normal deviates is
known, for- exampi;;:@)’, (218).

One purpose of the present paper is to give what is believed to be a new
method for genara.ting nomal deviates due to Dr. G.E.P. Box and the author and .
to compaxae ;wt :it; other methods LS<~:c<:m1'l.y, though it is know;; ti::: o:: c:: '
generate a nomal deviate by first generating a uniform deviate, say Ui’ from

the unit mterval {0, 1] and then solving the inverse relationship for tha

' 2 . "a«md u
normal deviate x, (namaly finding X, from U, - e j oo et / dt)

w Wy
s =

and efﬁ.cient and reliable application of this pethod 1is not availabla.




Consequenkly, this problem is considered in detail tco. We also shall briefly

mention tbe generation of other random variables.
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& Shi-The folloungﬁtheorem nay. be used-to-generate a pair ,oﬁ,indepe% randap
normal deviates. from-the same normal distribution sta.rt:l.ng from a pair of mdon
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be ipdependent randon vaﬂa‘bles from the sane mtangﬂ.ar
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dsnsity ﬁmction%on ‘the interval [0, 1]. Consider the random.varisbles:w &2’
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Then (xl, xz). will be & palr of independent random variables from- the. same normal

distritution with mean zero, and unit variance. : Lomsir, -
Proof: From- (1}, {giving attention to principal.values), one obtains at once the,

inverse relstionships:-+ . ' e . o nmwe s o
2 2 A '
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¥, Xz
_ U2 =r-——2“ arctan- X3 e
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It followe,. afte: evaluating the Jacobian of the transfomation, that tbe Joint

density mnction. of xl 2 is
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1 -(x 2 . x 2)/:a 1 e—xl"'/e. 1 .- x /2 - f(xl) r(xz)
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thus the desired-conclusions, including the independence of * xl‘and. xza:::follova.
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The sbove result is motivated by the following considerations: The
provability demsity of £({X,, xz) is constant on circles, so © = arctan 1:2/1l
is uniformly distributed [0, 2x]. Furtber, the square of the length of the
redlus vector 2 - x 2, X 2 has a Chi-squared distribution with two dsgrees

"a‘t
[N
i

-of freedpu ‘If U has a rectangular density on [0, 1] then - -2 loghu has .

a Chi-squarsd distribution with two degree& of freedon.. proceedingm thcw& .

reverse-order wes arrive. at-(1)< - ot . eanis K xﬁv, L i
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1.2° Generau etions.. .oz S . .::gm *
~r= Since.: X1, X,'! dre-independent varisbles the techniquewsuggssted a‘bove'can
€

Ybe used: to: generate: n~dimensional normal ‘deviates. s .-siiAreditils ki plem .

“v  The- usual transformation to obtain independent arbitrary-?n-variate i

normally distributed:variables- ¥, ¥, ..., ¥ ~with means "1’ pa,“ Faey u et
var:.ances 612' » 022, eeay © 2, and correlation matrix p follows at once .

by generating n=-noxmal deviates and using a Jacobi-Toeplitz decomposition, -see
(26). For example; in the important case of the bivariate distridution, with

means §,, By variances -cia,' 0'22 and corrslation p , we have:
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The method suggested here. grew m.xt~ of the desire to have a.wvay of generating

normal dsviates vhich would be relisble in the talls of the distribution.-, Since-

most computing centers have library programs to.compute values. of trigoncmetric !

functions, logarithms, and square roots this approach requires littls additional

machine program writing. . The accurscy obtainable here depends esgentially on-:-




the precision of the. available library programs, wheresas that of other

nethods cannot so readux be increased.
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2. Inverse Method.- _ : N e i
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"IEE Ih prificipla,¥the’inverse’' method of generating a normal deviste s X2 from. r; ;
a uniforn dmm-#tr g ra wmd ‘the iaverse: relationeiip’® X Tit x(g)s gtwa

o7 gty gL ekl e 2/p-0 o Same  smd menpye :
that U » S e < 2:3.1'..% m actual detemination of X(U) offers ... ¥ -
(TR F = m""@ !;r tilach FEpaT SL.oev v, mamanoon. For, It @il nom "%&a

+ certain: mmrica.l difficulties: vhen it is desired to. generate nllablmmnggl
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dauateafsspecimy for large. - valuea of X...We have considared:,thia pmblam
. for two.aspects meirst speed angd. secondly and equally 1mportant,, W‘tﬁ- :

We have insisted that the maximum absolute error.in. X ahtmld e, less than ﬁ , --,!,
hxlohintherang‘b-ﬁ <X <5, where |

1 oo B o . M- W BT P
Prob { 5<X<5] >1-6x10‘7sotnat X is coz'rect tovithin hxmh }

except for an qxrent of probedbility less than 6 x 10 7. %e datails of the : ‘.
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procedure have. ‘been» carried ont for application on a l.arse s:.ze binary machine {
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with index registers, where ;I.t is possidble to utilize memory space in ordsr‘ to

" obtain greater: 4poed ed:
-, The relation X.= X(U) . is approached ta stages. _The interval [0, 1] for U
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is subdivided so- that over each sub-interva.l J.t is poasibla to obtain a reliable
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and fast pmceduz-a for ccmputing X. Over most of fo, 1] x = xX(U) 1s approximtea
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by Chebyaﬁav pgl_.mmials. As X Dbecomes large in absolute v&luo it ia-necessary-

to 1ncxease the dagree of-the approximating polynom:l.a.l. However, even though the
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degree of the polynomial increases, the frequency v:lth vhich thesa appmﬁmauons
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are needed decmases, hence th:.a method ¥lll use, on tha avera@, 8 lov omar

approximating polynomial. tor X = xX(U). Due to symmetry it 1s actua_.uy only
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For speed in computing it is best to have the Chebyshév polynomials of as
lov degree as possible, subject to the specified level of accuracy. Following
this approach one could find sub-intervals of greatest or optimum width, see (§).
Two dravbacks then ‘becons apparent. If on a binary computer the sub-interval
widths are oot smnega.tive: power of two, considersble computing time 1is "
spent in mapping a glven. sub—intex;val onto the range [~ 1, 1} which, ia nudecl s

¥ I' . 5 Y
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vhén using a C'hzbysh-v appmzd.mation. Moz'e important 12 the- intcrvals.au pok

be possible tmusa ag. indax reglater to select the appropria.ta appmxmationo‘ P
Taking these- facf.mﬁ:lntoe considexation, and taking into account.memory space

requirenents, it vas.decided to have the widths of the sub-intervals equal -]-{'53 -
With this cibice of interval-width the largest part of [0, 1], namlr% <v 5% ,

could be approximated by linear functions. Quadratic and quartic appif)xlmatj.ans
are used for%2u<—12-g. For ( 5 < U < 1), and by symetry (0 < U < 2g)>

X = X(U) has. a singalarity of logaritimic type, consequently for U in this sub-
interval an approxima.tion of ‘more subtle type than ChebysBév polynomials is needed.
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2.2 Use of romm‘ . .
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~ Since the—_tochniques used in approximating X w» X{U) - have possibdls apylicatic

St

vhen considaringtb& ganeration of other possible pseudo re.ndan variahlas we shall

review the techniques im-detall. L e fosmeatasion to
- To approximate X = X(U) in the jth-sub-inte‘ﬂal,..: o N Feoemias, 18D

{ é’*—;-é-g—:—l-,su 591-‘-1-%541 )> 3 = 1(1)6%, by Chebyshév polynomials we shall

mske use of the technique of Interpolsting Chebyshév Polynomials as ds‘velaped‘by

C. Lanczos, see for example (11}, (12).  If a polycomial approximation is -

appropriate for a given sub-interval this approach will approximately minimize

the maximm error of the approximation.
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To begln, the jth sub~interval is transformed onto [~ 1, 1] by uaing,

r =250 - 127 - 2J.
Iet. r =.co8.8,.0 < 8 < %. Ilet. T, {r) = cos {1(coa"1r)] dencts the itk

Chebyahav polynomia.l 'I'hua for the \Jth snb-interval
Tos 2 L 3

r'iuN‘{’ e ““’"""b At i - N
i mel x”-x = X (r) 1/2 d J iJ i(r)
, . i
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J(r) w1ll be approximsted by ; RE TLERIE a5
A o ek R . Y ow ¥ &,mwf Coe 120 ) B
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e wIf camrgncc;'is sufficiently rapid. e (r) <18 estimated by ..
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dn 3 nﬂ(r).m(.'.onseqpently we seek the. set,. { n k=0,1,2

such that T +1(rk)‘ = 0, or equivalently, 8, 's such that cos(n + 1). 8, =o.
2k + 1 2k + 1

8 =5 {553 )- Tms rk"“'”a( i)

This in turn requires that
are then obtained fyom, AT

The coefficients a, 3
I - v”dtd - —?Tl- z X(rk) Ti(rk b4 -
L ;3: * '
sin Mpes Ji’ “ ‘ -
in 2k + 1
5 ( + 1 ). RS P,

P, -—-I re Z X(rk cos 3 (=5 .
« oIn cmyln&wtathe-evamationsw for X (U ) k=0, «.c, 0. for the Jﬂ"
interval:it.1s; ;pecessary to.evaluate X. = X(U) for UkJ's where :%y. v gt
Tt BT +2y - :

LT KJ“
) _were obtained by cubic inverse interpolation in the

The values of X{(U
Hational mreau of Standard Tables of the Womal Probability F\mction s (22) o
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'l‘hese values a:m 1nc:mdzd as a tabl.e in the Appencnx.
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Bowever, for computing purposes it is more coavenient to express the

T (r)'s as polyn omials in T, see Lanczos (1), (12), for example ‘Tl(r) - r,

L s =

‘ra(r) = 21'2 - 1. One then obtains

n

: 3 ) v

(). X, 3(1') = .8, - The corresponding coefficlents 8, are given in

. . J. i=0- N C s 5 et .
section 2.3 en i Fi whe A SRATIT Coon o mus ove e cfomeld R HoyLas e o

o ~<Fb:‘.'qﬂ;p@1;mar~cases themssential computations :for ,;cha
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cerned uith fj:nding tiw :u.werso valnes » namely X = X(Uka
e - SR S A T L S

1inear cases the- au's glven in aection 2.3 were not obtalned in m: nmm

since-.ve: | Mpmvimsly needed. to have values of . X.-corresponding to s“mm—

o .

s.m O Ls am ,,,5, <,¢J.28. - conscquently ve avotdedathe additionalm otntind.tna
" the naceasarxagx Sy DY utilizing the availabls X(U )'s. Thns, munot:ﬁtuns

&

the straight lines by first degree Chebyshev polyaomia.ls ve were able to obtain

the desired Ieval of prec:Lsion as follows:.-In the- jth intervaly’ vhen it 1s
u,+U

appropriate to fit a straight lize, consider U 3 T 341’ and U 1, é -11-2—-4:'-:‘: .
et xJ"xJ-t-l’ XJ é denote the corresponding X values. The jth line is
fitted such that the deviations at the ends of the class interval are equal

and such ‘bha.t th& devia.tions st the mid-point, nsmely U 1 % , 1s equal in

magn:l.'mde to tw daviations at the end polnts, btut is of opposi te sign. This

a.pproach g;lveé :égé;nbially a Chebyshav-type approximation in that we are
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atriving to n:.nimize the maximm error m a g;!.ven sub-intervaﬂ. Bystrai@t—
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the appropriate dsgree of the Che’oyahav Polynomlal for a given sub-intarml

the falloving result is used,‘ see (6) for more general details,
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where € it the largest absolute error that is tolerable, in our case

0. Iq(x)l’ftaﬁfe, ggox? + 2 oo, 34kx’ +»3,390,!48hx5 + 2,080, 6545 & aua,ékgx)
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The following tables provide the neeessary coefficients for the -

approximations given by equation (1) - or section 2.2 .
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2.4 The Interval (—llg’g <U<1).

In view of the fact that X(U) may be looked upon as a function having a
singularity of logarit'lnnic type in this interval, it 1s necessary to abandon ths
use- of & polyncmial« type: approximation here. A satisfactory rationsl approxi-
mation is’ obta:!.ne’d-‘by using a-truncated continued fraction expansion;-see. for

example-- (7), (19) .7 For- any given value of- U. the corresponding value of X
th

|
|
i
!f

- 48 -appm:dmatei.bm thwrolloving recurrence: relation. The -k conve‘rgant to
X(0) 1s given b.v P &
"5' wh 1 ‘ ® r&(U) W" D] ~ ey el A w:o./; Hore h ;“_;J N -

ka*f*-n - s
wherawﬁk(u} aqiuk(ulrpam.detemine& ag. follows: . .. § . .- ¥ &.1,’ P ."35-'?

()M, (D) 2 M (O x (U0 ) (U); .M (u) = 15, 4(0) o= fadrtan

(2) 5Ny (1)~ = AT AT - U, IR (D)5 B(U) =05 M (U)mimiLi
“and vhere &, dangté;\;. sél’éctea value of the k'® inverted divided differsnce
of X{v) _ S

TABLE V ) =
.Constants_for Rational Approximation o
F t;m ¢ - . RN SR ' - ‘ 54 \;‘;“- e . 8
) k Uy %
0  .99223 9746k +.2haoooo0xmi
Lo WLzE Y 899462 38540 +.18262 366 = 10 E
.2 99653 3262 -.65518 108 x 10°
T T 3B (99813 BBET - - +.2399T T5F x 10 "L pay v, TEwwrr s
| - b 7. .99903 23968 -.26737 16 x 10° ,
P A 2 Bh£.:.99931: 28620 ¢ +.16541 263 x 10 g gw;_ﬁ“g e S
; _ 6. 99966 30707 -.1419h 984 x 10°
Tt e T vEe, o008k 0801 .t $,99732 TT8 x 10=Fnud in vary grrepriche
.99992 76519 | -.60049 158 x 10°* J
: L .99996- 83287 - +.5118) 551 x 10 2 -ic WP oTE. ., 3
.99998 6654251  -.23209 296 x 10 * .
= ,99099 4587456 . - - +.24107 TT0 x 107 2 ALRET o L W

.99999 9206672 +.10076 316 x 10 2

8
9
10
11'.
% 99999 7887545 -.8633% 192 x 102
1k .99999 97133484  -.308028 14% x 1072




In order to insure sufficient precision it is suggested that the machins

program test to see if U > .99999. When U 1s greater than .99999 it is

k
. utilized.; Double precision- operations are not necessary if these~ Uk~5“~a:a

suggested that the-additional sigaificant figures for U, k = 10(1)1% be

stomd with the first three - nines suppressed, U must then be shifted the

w-—.u;\ Rt S

‘}, i ..:-: ,:, '..,.\k LI Y ,(_ -u
appropriate . number of pleces before perfomlng U -0,. cE
-Following:(T); paes:l06;> )&(U% csin- be" computed- £rom"F m%ﬁfv}“w%
’;’u‘ Mt v»»;:w" ERNC .4 "4‘-’#‘ - n‘, < gf‘ﬂ &‘5 m@ﬁ&« Jf :"““l -
a ( 3.) 1(:1 U )(u U ) ...(u u )
(3).' xk(u) - . + 3 -1
Lk B8 s Qe pele e e m o R (U) ] 1(’” = e Sbiasmed Ap
. )
Bl =i g R g3y TTREY Py TR e e sl the foll 24
“To insure that “X(U) " can be a'o;proximated %o within Wx 107 1t is
*wm B e ey R i wdy BB k L e wmel aﬂb’""s i 2
necessary to stop at sn appmprie.te value of k - k(U) since the approximation
- “ 33 2fds SOFLET G
being employed j.s essentially a divergent expansion. Rumerical eval;auona =

1 verified that it is’ sufﬁcient to have the machine program "terminate &s soon

as one of the followlng three conditions is satisfied, nemely: (1) salect

'xk(u) as the appmximation to X(U) if n ixk(u) - X l(u) [ P h- x .10

{11) select xk(u) as the epproximation to X(U) 1if Ty = Thal <0 and

(111) 3.£ Joow 1b- teminate the process and select xlh(u) . 88 the approadmsuon
“to  X{UYsr . . . P, et TUAES fo S

| The valpe of l;*niné;:easesv as U increases in the interval | *

(—l-ég < vP<L - -7) , .and consequently so does the computing time. B;u;;e:', ’

thia suo-interval wi.ll,, on the average » increase the necessary commting tjtmfm

very 111::.13 It should be kept in mind that while this method is very appropriata
and convenient for a machine which.performs "floating point” nmluplicauan, this
approach would create serious scaling difficulties for a"fixed point” mode of

Operaticn. = * . 4 R
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of the distribution n.nctiomof the sum of tuelve uniform deviates-and compaxing

3. Review of Othwr Methods.

’

All the methods to be considersd have the cammon feature that they

remnn tha availability of J.ndependent and uniformly distributed daviates U.

.'.,,,.,x. o b B J&uéxw N

3.1 Central Limit ;Am_:roech . |
FOF fk SRS AL A RPN v-‘ww’ te migaes, s fer eyemple (B);

-, Fwnlam ¥

2By’ amsannss.yo« the centzal limit theorem of pmbabinty;...g.u (3);%%1;
knav«tbatamso&an arbitrary number of :U's will be. asymptottcllly nbmlly
distributed..; Thougn this -metbod is. eaay ta use, poor results- a.m;ohtdmdxin i

the: tau.s of tbe« dis-tribution,,., see for example (10).::Inspection- otg tmmlmwins
table . ulustratesathia point, the table-vwas cbtained by computing. sclgcted va:uus

these-valuea with the correct values for thz normal distribution nm,ction.

Hormal deviates exceededvith certezin probabilities compared with au:;s of twelve

uniform deviates ﬂ-exceeded with the same probabilities {means and variances equated

Sum of Probabi-ity of a . Hormal deviates vwith samewy¥,, Differenc
Twelve Déviat‘ao:ﬁ larger Zdeviate - mean and variance with same * of
) probebility " TUeviates
~ % s K “ﬁ?xw:%*“ 4 - :
0.0000 o. woooo 0.0000 0.0000
0.2000 -0« h21713 0.1975 - ' 0.0025
0.4000 ... 043463337 . 0.39%2 0.0048 -
0.6000 -  ° 0.276483 -0,5933 0.006T
0.8000 . 0.215150 0.7920 T 0.0080
1.0000 0.16072T - 0.9915 - 0.008%
1.2000 0.116539 ) 1.1912 0.0088
1.50co 0.8173T7 x 1 * 1.3937 0.0063
1.6000 0.55:457 x 10 % 1.5969 . 0.0031
1.8000 0.357846 x 107 . 1.8018 -0.0018
2.0000 o 222756 x 107t 2.0089 -0.0089
2.2000 0.132681 x 1072 2.2183 -0.0183
2.4%000 0.75%029 x 10”Z 2.430h -0.030k
2.6000 0.407597 x 10”2 2.6458 -0.0458
2.8000 - 0.208611 x 10°% 2.8648 -0.0648
3.0000 2.100700 x 10 § 3.0882 -0.0882
3.2000 0.h55824 x 10 3 3.3165 -0.1165
3.4000 o- 192173 x 10_3 3.5505 ' ~0.1505
3.6000- 3 x 10~ Y 3.7917 - . <0.1917
3.8000 o 266137 x 10 . }.0l0 : _ -0.2410-
Nmmlam e k_200k e el 023008



The importance of extreme or tall values for perticular epplications

can be seen for exanple in the

.3.2 Rejection roach

by e amet ¥ whd 5{; - ﬂfi.ms.ﬁ i%}’«ﬁ, %

g T g by

For, " some diatrimtions re

(10),. (18);.axe accept.a‘bls, homer for: the nomal dismmtion thia aypm‘cm ﬁ

EE T St

is very mrﬁcient, especially it yrecise tail Values are important. .

.g.

This technim w.igt attri'bu’bed to von’ Renmanm

Ra. s

caterial presented in (1).

¥
s & P 3 Fomte, ..
i . o LB ORAT SRR
v % A PR o iy DL ot
A 5 LA s e SRR ST o CERRRAS
Pagn TN <

,jection-type teChniques, see for enngla (2), -

thet 1n (ah) One proceeds to generage noma.l deviates in %

1l

~h< X <'o asfollovs. Generate unj.fom dz\d.a.tes U, and '.12 Bach

»‘,*r .

time compute I 2™
- b F h?pﬂf’»‘&o

-, -2 b% (u --}2. If logU, <Y thenthevaluo

x=p(20, - 1) ,J.s used as @& normal deviate. B -

Pt

IfU>Y thenonerejectsthepair ( U) andrepeatothaaborm

2

s M v 0T

wh
IS ds

process. The mﬁﬁciency of the process can be epprecisted by rea;u.zing oyt x

. that the pmbability that a pair (Ul, ¢} ) will be used to generate a normal

deviate, nmly Proh( U, <e

¥
T e 7 TN

23(u, - D? ,equalsj -2 - D g,

l N
which 18 asymp‘tntically 3 /x -
v B
o *® 5 - " <, E v " i .y A T
G U s TRERSR chpgr ot wrL DB oA o ma F S Ctmy a AnTAETSLsLLSS s
k * T
ORI S Wb ahy LV AR e s P i g cep by obrtanndise
"
. PR TR S 5 ; L ELEne *::-‘ “*‘e.&mm ;é’zha
. ‘ 'A
sy ot oy o wte ey e ez o Blod oa u&*m,u
Fil N
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o e *
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3.3 Hastings' Agproa.ch.

Pade~type. or rational approximations to transform a uniform deviate to
a nomai deviate have been suggested by several people. The best Imown
version :Ls due tor c. Hastinga (5), page 192. Using this app:oach one ohta.txxs

‘!" - *:'--an-.v‘qu:-mut whamu t?,," & ‘w ~!-A~i»;ﬂ“m
a normal deviats X from a uniform deviate U =q as follnws. . Ly ,
TRl kB B dm}:ﬁ?: ,;;.. . . »
2 N ~ . ‘
+an +a ' Lo
“‘mﬁ* X ‘vm(q)ﬂ-w LR —] 28 et oY is 0.
. ' . J. + bln 21) -l-‘bsn PR SRS RN CEAPE
“where~ voCE sk M, e vl - ratn Y w2 sinte ALs WBhE-of

¥ oomivew Lo sal SzIm? ve 3 ta - =(1/2)tR = ‘- oyt a:’
- ﬂ-/lﬂlig\ » Q== X(q)e(/)“ 0<q(. fm
. . L=l f22 ; -

oy et e S i, abe - . PNy
. v . . R I N 2 *

a = 2.515511 b, = 1.432788 ) :
Jﬁ:,;,mg;‘r S O kool L"x"‘ et w“";‘f—fa}ﬁ?’, FRBGY 2 a3 raalwEYW L. L L "“’.“_, ] -23‘ %ﬁ-ﬂ@, S

a) =0.802853 . _ . - P 0.189269 -
; - i R N e e b

a2 - 0.010328 b3 = 0.001308 T
Yo A P ;:.::'; 4»‘3\&- e« 3 *‘E‘ o e ¥ e EY A‘:'? gf«9

Except for certain important sub-intervals such as (1.1»8 <X« 2.h2), the

- ,u P T )
sbsolute valus o£ the error is less than 4 x 10 -6 and even on these intexvals

the absolute values of the error is less than 6 x 10 h |

PRI ¥ 2dasies mieta N :F 1 -
3 h Teichmew' s°_Approach
v s we® L Koy ” - s “o. RS SRR I 0% Sl P,

D --1v~Alfimd=mmber’of uniform dsviates is swmed,then using an.interpolating

! ChebyshEv'polynonials an. improved epproximate normal deviate is obtdned The-
complate dstalls.have been obtained by !neichmew (2b).. '.Eeiehmgic;wﬂh;vg.}?d:
“the method. of "Approkximatiow by Curve Fitting". He proceeds to find a normal.

deviate as followa-

It is desired to £ind y = m( 8) -vhere

'tz/adt-j g, (1) at, _

L]

P

% A » 5 . 3
ot B e Bl sinthmatitnnie




and where ¢ is the demsity function of the sum of 7 uniforn deviatses.
This epproach requires that the range of 8 be ras‘tricted. For the mtrlcted

range i( 8 < eu, y = mf 8) is approximated by determining an interpolatins

e
Ll .

polynm!.a.ln. A Chebysﬁév pol_;nomials of degree k-1 1s fitted so that i.ta

e
oy o ow f“)gr WL AR ww..k“%‘.

values coinci.de with the values of m(a) at the k roots of the ch.bynﬁcv ‘-&w
%, 3 b 4»-»...&

- v e Sﬁ}« i ,5‘

T M\vw—o‘«‘ N R Wit

vpolynanial of degree k. -
Cewst £ wr OMmAUNELTl BN O mEERY L s r o %0 S LA e owmd . ,&hiﬁwm& mﬁm

_ Thnugh Teichroew has obtalned the coefﬁcients of the Chebysw polywi% s
st CETHE b oD UL s L EPARTA i wdie .

for 7-6 8an6.12, wesha&.ldescri’bethecase 7-12 sinc.,ethizvaln&of

e it A E T ¥ s

VIGHE £

7 gi.ves the most satisfactory results. As before . Ui denotes a uniform 2
s R PR 2 S S Y Y B p e Ay — i A3 F%M’ i AR :‘ﬁ”%ﬁ A
deviate and let ;6 = izi.. juf 0.0 < 8<12. . Cxbiped,  Par bl

However, 8 mst be restricted, here Teichroew chooses GL -2, GU‘ w10, "

f.e., 2€6<10 or -1<-—E—6-<1. (Rote Prob (o, <9 <8 }>1-(2)105)

B O e s

s o il i, R

so there is a very small probability of being outside this rsnge. Bis-. ... oopee

progrem was prepared for S.W.A.C., end srranged so that 1f 6 fell ocutside ..

{2, 10) the machize would halt, snd then type out this fact. let T = 528

9
Then sn spproximate normal deviate X 1s obteined as X~ I 4, 341 '1‘.'2'3 _’l(r).
B w .

For machine computation it is not economical or convenient to find X j.n
the above form, & rearranged series in r is obtained. If we -truncate the--——”

series after the term T, (r), this series will be . —

-

- s N s

Xm alr + a3r 351- + a,’r a9 vhere the coeftiicients are as follm‘

“ a, = 3.549B46138 , T h
8y = 0.252408784 o}
ag = 0.0765%2012 - . . _ C e e w
a, = -0.00835%968 .~ e e e
ag = 0.029899776 '

L. et -



Though the following timing and memory space consideérations may be valid

for other computers they have been derived for a floating point binary machine

with index registers, in this case the IBM 704. Further, the timing andmwry

I T AR
PWN“’

space requirements have been evaluated subject to existing library submine

A gy ?

-which.are available for the™ “704. through the SHARE organizsnon. “It 1s pos!:lbla
g . 4‘ “
‘that. some com_t,mung time or manory space could be saved 1f specia;:l.ud f‘nnction

subroutinea wem writtexx, however the present approach has thz advantaa that if.
a gi.ven sanmling, or Monte Carlo problem requires some of the same. nbmy function

nuq.,,.t o A prtpto gy}

F LR v E ?’y« o S
VE L g

submtinea they will be a.lready a.vailable in the memory. m memory qpm requi-.

v e
o, Wi s

rements 1nd:l.cated below incluaz the -necessary function subroutines. For each

1% , g T et

method a nomal deviate is formed for use ag a "flosted” normal deviate.

2
[

|
i
Method Time per deviate Precision Memory Space |
} in ,  in units except for | (reusable |
miliseconds of X probability | temporary
‘ less then locations) l
Inverse {Average) = 1.395 b x 10'{* 6 x 1077 . 202(4) (
{Stendard ~ :
deviation)” 1.261
{87.5% of
cases ) $ 0-996 ;
Sum of 12
uniform deviates 5.052 See Tadble VI| See Table VX 25(%)
Direct 6.601 5 x 1077 % x 1078 175(7)
Teichroew's “ |
7=12 6.948 2 x 107 5 “ %6(%)
_ -4 2x10 ' N
(7 = 8) - 6.278 2 x 10 ho(4) -
Hastings' , 6.968 , 6 x 10‘2‘ b x 10'8 104{8)
) 5 ;
Re Jection (Average) = 16.360 | 5x 1077 6 x 1077 78(5)
(Standard :
deviation)” 28'2°l; ! _
; ? t

i i




5. Other Random Deviates.

The occasion sometimes arise for random deviates other than the normal
deviates, in particular the one whichk can be generate from the noxmal deviates,
for example deviates from the- F-dlstribution, Chi-squared, and t-dtstribution.

Observations from. the Chi-squared distrlbution with ak degrees of freedom

1
TR Een o l.333Y, |

can of.course. he}generated by a.dding together the k terms, > (*}3 log U:l) s
o e NI ot § a0 M

and for Chi-squared with.. 2k + 1 degesauffmedomommaxadétbssqumor =

».

a noxmal deviate generated by the above metaod. Deviates from the ?—d:l.stri‘bution
and for. the t-digtribution may be obtai.ned vy calcnlating the approyr&ate ratio.

‘.. [ T,

of deviates generated as above )

L3
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A\eggndix

This table g!.ves values of X{(¥) corresponding to the Normal Distri-

bution for F(UJ) n + -—5-5 s 4= l(l) 127. The values were obtaiped
from the NHational Puresu of Standard Tables of the Hormal Probahmty Function,, .

' (22) , by using the inversion formula:

’ . : X : (2x2+1) - By
-.‘\.z , a e (e} a ‘\2 [¢] a 3* h‘;‘:}}
x0) =X+ g (o )2+ 3 (3 N ) AP

vhere U .is the nearest tabulated entry to U, and U -U =38 .
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Inverse Values for the Normal Distribution
F(x,) = -g + 3/256 x, 3 Flxp) = g + 3/2%6

0.5039062% 0.00979167 26 0.60156250
0.50781250 0.01958429 0.605468T5
0.51171875 - 0.02937878 0.60937500 =
0.03917609

J
1
2
3
"
-5
6 .
(§
8
9 -
10
1.
12 -
13
1k
15
16
7

et
oo

© 0.51562500-

0.55859375
0.56250000 °
0.56640625
0.5703125
0.5742187%
0.57812%00:

0.58203125: -
o 0’-58593750%
" 0-59372000::" .

C 0.597655@5’““ .

0.04897716
0.05878294
0.06850437
0.0784124x
0.08823802

- 0.09807215 .

0.10791578
0.11776987
0.12763542
0.1375134%0
0.147hok82
0.15731068
0.16723201
0.17716882
0.18712516
0.19705908
0.20709265
0.21710695
0.22714306
0.23720211
0.2h728522

0.61328125 -

0.62109375

0.62500000 -

S

0.6285062% - k

© 0.63281250

0.63671875 -

0.6484375%0
0.65234375
0.65625000
0.66015625
0.66L06250
0.66796875
0.67187500

. 6.67578125

oty

0.64062%00 . -

%5

0.67968750 .

0.68359375
0.68750000

0.69150625

0.6953125 -

0.42357€08

0.43%31116 -

0.544509652
0.45593392
0.46682512
0.4TTTTI99

" Q.488TT6AL




TABLE VI - contimiation -
3 Flxy) = E+ /o6 x, 3 Fx) =f 4 g/2% x,
51 0.6992187% 0.52215488 81 0.816kh0625 0.50175411
52 0.70312500 0.53340971 82 0.82031250
53 0.70703125 0.54473251 83 0.82421875
54 0.71093750 0.556125%9 &k 0.82812500 |
55 0.72484375 0.56759132 85 0.83203125-
56 0-71875000" - 0.57913216 86 :  0.835937%0: -
517 0.7226562% 0.59075066 87  0.83984375
58 0.72656250 0.60244045 88  0.8437%000 -
59 0.73046875 0.61423129 89 0.84765625.
60 0.73k37500 0.62606903, 90 0.85156250 -
61 0.7382812% - 0.63805558 91 0.85546875
62 0.742187%0 - 0.65010407 g2 0.85937500
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67 0.76171875 0.7118%220 97 0.87890625 1.16953663
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69 0.76953125 0.73730400 99 0.88671875 1.20926123
70 0.773437%0 0.75021538 100 0.85062500 1.22984876
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73 0.7851562%5 0.78972652 103 0.9023437% 1.295022h2
o 0.78906250 0.80317257 10k 0.90625000 1.31801000 -
75 0.79296875 0.816765%2 105 0.91015625 1.35172788 < <
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