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Highlights
A Stochastic SIRS epidemic model with logistic growth and nonlinear
incidence is probed.

A critical parameter  for the ergodicity is presented.

A unique stationary distribution exists under certain criteria.

The existence of a unique stationary distribution implies stochastic
weak stability.

Sufficient conditions for the extinction of the disease are obtained.

Abstract
A stochastic SIRS model with logistic growth and nonlinear incidence rate is
probed in this paper. We exemplify that the proposed stochastic SIRS model
reveals a global and positive solution. By applying suitable Lyapunov functions,
the sufficient conditions for the existence of ergodic stationary distribution of the
solution to the stochastic SIRS model are derived. Furthermore, we acquire the
sufficient conditions for extinction of the infectious disease.
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1. Introduction
Infectious diseases have been a constant hefty threat to the humanity and life. The
probe of mathematical modeling is an efficacious way to understand the
transmission mechanism of infectious disease and provide apt control measures.
Many researchers [5], [7], [10], [12], [13], [14], [16], [17], [22] by different types of
mathematical modeling analyzed the epidemic attributes of infectious diseases in
biology, ecology, epidemiology, population dynamics and environmental sciences.
In these pandemic patterns, the total population is trifurcated as Susceptible(S),
Infected(I), Recovered(R) individuals. There are few occurrences where removed
or recovered individuals return to the susceptible compartment due to lose of
immunity, which is classified as SIRS model [2], [6], [18], [28], [32]. For example
Malaria, flu virus, influenza, mononucleosis, HIV/AIDS, tuberculosis, etc, an
individual’s immunity may wane over time. Capasso and Serio [1] proposed a
saturated nonlinear incidence rate f(I)S, where . It appears that this
incidence rate is more justifiable than the bilinear and other nonlinear incidence
rate [8], [21], [24], [26], [30]. Logistic growth model concerns the population
growth over time, taking the carrying capacity into account and occurs when there
is limited resources. But in exponential growth model, population growth over
time is not involved and the carrying capacity is not taken into account and occurs
only with abundant resources available. Eventually, the logistic growth model is
more practically efficient than the exponential growth model [9], [19], [27], [28],
[30], [31].

Juan Liu [2] introduced the SIRS model with the nonlinear incidence rate function
as follows:

where S(t), I(t) and R(t) denotes the susceptible number, the infected number and
the recovered number of individuals at time t respectively. The susceptible
compartment is monitored by the logistic growth with a carrying capacity K
besides a intrinsic growth rate r. a is the saturation factor measure the
psychological impact. β, ρ, ϑ are the disease transmission rate, natural death rate
and the death rate due to the disease respectively. γ, δ are the state transition rate,
from the infected to the recovered and from recovered to the susceptible one
respectively.

The possible region of the deterministic system (1.1) is
. The deterministic system (1.1) holds a

basic reproduction number  defined as the expected number of

secondary cases that results from one infectious person placed in a completely
disease-free population. Generally  plays a dominant role in determining
whether the disease occurs or not.

If  then the deterministic system (1.1) has a disease-free equilibrium
 which is globally asymptotically stable.

If  then E  is unstable and there exists a globally asymptotically stable
endemic equilibrium E (S , I , R ) where

with

Randomness and stochasticity occur in real life. Consequently, the epidemic
models are influenced by the environmental noise, thence stochastic model is
more realistic than the other models [20], [23], [32], [33]. We assume that
stochastic perturbations are influenced by the environmental noises on the
individuals and is directly proportional to each state S(t), I(t) and R(t). Inspired by
the above discourse, we propose the stochastic SIRS model with the logistic
growth as follows:

Where σ , σ , σ  are the intensities of the standard Gaussian white noises and
W (t), W (t), W (t) are independent standard Wiener processes, respectively.

The goal of this study is to probe the dynamics of stochastic system (1.2). This
analyzation is structured as: Section 2.1, the existence of the global and positive
solutions to stochastic system (1.2) is looked into. In Section 2.2, we prove the
existence of a unique ergodic stationary distribution of the solution by
constructing some suitable Lyapunov function. In Section 2.3, we derive sufficient
conditions for extinction of the infection. Lastly, a brief concluding remarks and
future directions is presented in Section 2.4.

In this article, it is not contrarily stated, assume that the system (1.2) is defined on
a complete probability space  with a filtration  that is
right continuous and with  containing all the subsets having measure zero.

The d-dimensional stochastic differential equation (SDE) is defined as follows:

with t  ≤ t ≤ T < ∞, where  and  are
Borel measurable,  is an  - valued Wiener process, and x  is an

 - valued random variable defined on a complete probability space .

Indicate  by the collection of all non-negative functions
V(x, t) defined on  such that they are continuously twice differentiable
in  and once in t ∈ [t , ∞]. The differential operator  associated with the
SDE (1.3) is given by

Let the function  then

where

If  then the Itô’s formula is presented as follows:

2. Main results

2.1. Existence of the global and positive solutions

It is essential to find out if the solution is global existence or not, even before
probing into the dynamical behavior. S(t), I(t), R(t) indicates the individual classes
at time t in the stochastic SIRS model (1.2) and supposed to be non-negative. Here
main focus is on the solution of stochastic system (1.2) is global and positive.
Theorem 2.1

For any initial condition (S(0), I(0), R(0)) ∈ Γ*. The stochastic system (1.2)
admits a unique solution (S(t), I(t), R(t)) for t ≥ 0 and the solution will remain in

 with probability one.

Proof

As the coefficients of the stochastic system (1.2) are locally Lipschitz continuous,
for any given initial value (S(0), I(0), R(0)) ∈ Γ*, there is an exclusive local
solution (S(t), I(t), R(t)) on t ∈ [0, τ*) almost surely (a.s.), where τ* is the
explosion time [3]. To exhibit that the solution is universal, i.e., inevitable to
affirm that  a.s. Basically, we exhibit that S(t), I(t) and R(t) do not explode
to infinity in a finite time. Let  be adequately large so that S(0), I(0) and

R(0) all lie within the interval . For each integer  define the

stopping time [3]

with the typical format  where ϕ represents the empty set. Evidently, 
is increasing as . We have  therefore τ  ≤ τ* a.s. If we evince

that  a.s., then  and  a.s. for all t ≥ 0.
Presume that τ  < ∞, then there is a pair of constants T > 0 and ε ∈ (0, 1) such that

Thus there exist an integer  such that

Define -function  by

The non-negativity of this function occurs from 
Applying Itô’s formula to V , we obtain

Which can be deduced as

where  is defined by

since . Notice that  then

where  is a positive constant. Hence

Integrate both sides of (2.2) from 0 to 

Taking expectation on both sides of (2.3) yields,

Let  for all  and by (2.1) then . Notice that for every
 there exist at least  or  or  equals either  or 

since

Therefore

Then we attain

Where  is the indicator function of . Letting  we get

 is a contradiction, hence we obtain 
a.s., which completes the proof of the Theorem 2.1. □

2.2. Existence of ergodic stationary distribution

In epidemiology, it is significant to find when the disease will survive in the
population. In the deterministic model (1.1) we show that the endemic equilibrium
exists and it is globally asymptotically stable. But in the stochastic version (1.2) of
epidemic model, the endemic equilibrium does not exist. By the theory of
Has’minskii [4], we exemplify that there exist an ergodic stationary distribution
which unveils that the disease will persist.

Next, we present some theory about the stationary distribution (see Has’minskii
[4]). Let X(t) be a homogeneous Markov process in  and is described by the
following stochastic differential equation:

The diffusion matrix is defined as follows:

Lemma 2.2

The Markov process X(t) has a unique ergodic stationary distribution π(.) if
there exists a bounded domain  with regular boundary Γ, having the
following properties:

A : there is a positive number M such that

A : there exists a non-negative -function V(x) and a positive constant  such
that  for any . Then

for all  where f(.) is a function integrable with respect to the measure π. ■

Define the parameter as follows:

Theorem 2.3

Assume that  then for any initial value  the
stochastic system (1.2) admits a unique stationary distribution π(.) and it has the
ergodic property.

Proof

The diffusion matrix of stochastic system (1.2) is given by

Select  we have

where  and k > 1 is an adequately larger integer,
then the condition A  in Lemma 2.2 holds.

Next, we tend to prove the condition A . Define a -function 

where c  and c  are positive constants which will be resolved later. Applying Itô’s
formula to U , we can obtain the differential operator  acting on the function U
as follows:

Let

and calculate that,

Thus

where 

Define  moreover, we derive that

Define  we have

Moreover, define  where θ is a constant satisfying

 By Itô’s formula to U , we obtain

Using the inequality  we get

where

and

Define a -function  which takes the following form,

Choose an apt constant M > 0 which satisfies the following condition

We can easily check that

where . Furthermore, U(S, I, R) is not only
continuous. Hence U(S, I, R) has a minimum point  in the interior of

. Then we define a -function 

Applying Itô’s formula, we get

Now we are in the portion to construct a compact subset  such that the
condition A  in Lemma 2.2 holds. Define the following bounded closed set

where 0 < ϵ < 1 is a sufficiently small constant. In the set  we can choose ϵ
sufficiently small such that the following conditions hold

where E, F, G, H and J are positive constants, explicitly given in expressions
(2.21), (2.24), (2.26), (2.28) and (2.30) respectively. Conveniently, we can divide

 into the following six domains,

Clearly . Next, we prove that  on 
which is equivalent to proving it on the above six domains, respectively.

Case 1. If  we have

where

By Virtue of (2.14), we conclude that  for any 

Case 2. If  we get

Which together with (2.12) and (2.15), yields  for all 

Case 3. If  we attain

where

According to (2.16), we get  on 

Case 4. If  one can derive that

where

It follows from (2.17) that  for any 

Case 5. If  we have

where

By (2.18), we conclude that  for any 

Case 6. If  we obtain

where

In view of (2.19), we obtain  for any 

Clearly, from (2.20), (2.22), (2.23), (2.25), (2.27) and (2.29), we obtain that for a
sufficiently small ϵ,

Hence, the condition A  in Lemma 2.2 is verified. By Lemma 2.2, we attain that
stochastic system (1.2) is ergodic and admits a unique stationary distribution. This
completes the proof. □

2.3. Extinction of the infection

In mathematical biology, population dynamics, ecology and environmental
sciences the pivotal task is to find when the disease is extinct for a long time. We
derive sufficient conditions for extinction of the disease for the stochastic system
(1.2).

Define .

Theorem 2.4

Let (S(t), I(t), R(t)) be the solution of stochastic system (1.2) with any initial value
.

(i) If  holds, then for almost ω ∈ Ω, we have

where

.

Predominantly, if ζ < 0, then the population I and R die out exponentially with
probability one, and so,

Moreover, the distribution of S(t) converges weakly to the measure which has the

density  where

 is a constant such that 

(ii) If ;

and if (iii)  and  then the infectious disease of the stochastic
system (1.2) will die out exponentially a.s., That is,

 a.s., if (ii) holds;

 a.s., if (iii) holds.

Proof

(i) Since for any initial value  the solution of the
stochastic system (1.2) is positive, we have

Consider the following auxiliary logistic equation with stochastic perturbation

Initiating with

we compute that

Hence,

Clearly, we have

where  is a constant. Notice that,

where Γ is the Gamma function. Consequently, the condition of Theorem 1.16 in
[25] follows from (2.32). Therefore the system (2.31) has ergodic property, and the
invariant density is given by

where  is a constant such that

 From the ergodic theorem it follows that

Let X(t) be the solution of stochastic system (2.31) with initial value
 then an application of the comparison theorem of 1- dimensional

stochastic differential equation [29], we get

Furthermore, we have

Next, let

where  and 

Define a -function  by

.

where  Applying Itô’s formula yields

where

Moreover, we obtain

and

In view of (2.37) and (2.38), we get

According to (2.36), we have

Integrate the Eq. (2.40) from 0 to t then dividing by t on both sides, yields

where .

M (t) and M (t) are local martingales and their quadratic variations are

 and

.

By the strong law of large numbers for local martingale (SLLM) [3] furnishes,

Since X(t) is ergodic and  yields

Taking the superior limit on both sides of (2.41) and combining with (2.42) and
(2.43), we have

which is the required assertion. In addition, if ζ < 0, we can easily obtain

which indicates that  and  a.s. We conclude that,
the populations I and R die out exponentially with probability one.

(ii) By Itô’s formula, we obtain

Integrate the Eq. (2.45) from 0 to t, gives

Dividing both sides of (2.46) by t, we get

where  is a local martingale and their quadratic variations
are

. By SLLM [3] furnishes,  a.s.

Since  taking the limit superior on both sides of (2.47), we

attain  a.s., which indicates that

 a.s. (iii)

Taking the limit superior on both sides of (2.48) yields,

which implies that if  then  a.s., which completes the proof. □

2.4. Concluding remarks and future directions

In this literature, we study the dynamics of a stochastic SIRS epidemic model with
logistic growth and nonlinear incidence. We show the existence of the global and
positive solutions for the stochastic autonomous epidemic model. We obtain
sufficient conditions for the existence of an ergodic stationary distribution of the
positive solutions to stochastic autonomous epidemic model (1.2) by constructing
a suitable Lyapunov function. Then we establish sufficient conditions for
extinction of the diseases.

Some fascinating topics deserve further consideration. In different circumstances,
one may propose some more realistic but complex models, such as considering the
effects of impulsive perturbations on the stochastic system (1.2). Else-ways, our
model is stochastic autonomous epidemic model, it is interesting to probe the non-
autonomous case and study other dynamical properties, such as the existence of
non trivial positive periodic solutions. Moreover, in our model (1.2), we introduce
the white noise into it and we concern the dynamics of a stochastic autonomous
epidemic model (1.2) driven by Lévy jumps [11], [15]. In addition, we will analyze
the existence of an ergodic stationary distribution, extinction and existence of non
trivial positive periodic solutions. Theorem 2.3 show that the susceptible
population prevail and infected, recovered population extincts if the condition

 is necessary. What is the behavior of stochastic system (1.2) in the case of

 in Theorem 2.3? We will probe these cases as our future work.
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